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1. INTRODUCTION

Videosequencessuallycontaina large overlapbetweersuccessie frames,
andregionsin thescenearesampledn severalimages.This multiple sampling
cansometimebe usedto achieve imageswith a higherspatialresolution. The
proces®f reconstructinghighresolutionmagefrom severalimagescovering
thesameregion in theworld is calledSuperResolution Additional tasksmay
includethereconstructiomf ahighresolutiorvideosequencéElad andFeuer
1996],0r ahighresolution3D modelof the scend Smelyanskiyetal., 2000].

A commonmodelfor supemresolutionpresentst in thefollowing way: The
low resolutioninput imagesare the resultof projectionof a high resolution
imageonto the image plane, followed by sampling. The goal is to find the
high resolutionimagewhich fits this model. Formulatingit in mathematical
language:

Given K images{X?)};’f:1 of size M, x My, find the image Xy of size
N7 x Ny, which minimizesthe Error function:

K
BE(Xn) =Y || Pu(Xa) — X |2
n=1

where:
1. || - || - Canbeary norm,usually/?.

2. P,(Xp)istheprojectionof Xy ontothecoordinatesysemand samping
grid of imageXé").
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Whenthis optimizationproblemdoesnothave asinglesolution,additionalcon-
straintsmay be added expressingprior assumption®n X g, suchassmooth-
ness.

TheprojectionP, (Xg) is usuallymodeledby four stages:

1. GeometricTransformation
2. Blurring

3. Subsampling

4. AdditiveNoise

Themajordifferencedetweermostmodernalgorithmsarein the optimiza-
tion techniqueusedfor solving this setof equationsthe constraintson X
which areaddedto the systemandthe modelingof the geometridransforma-
tion, blur andnoise.

11 MODELING THE IMA GING PROCESS

Geometric Transformation. In orderto have auniquesuperesohedimage
Xpg, the coordinatesystemof X g shouldbe determined.A naturalchoice
would bethecoordinatesystemof oneof theinputimagesgenlagedby factor
q, usuallyby two. The geometrictransformatiorof X g to the coordinatesf
theinputimagess computedy finding the motionbetweertheinputimages.
Motioncomputatiormndimageregistationarebeyordthescopeof thispager. It
isimportanto mentionthathigh acairacy of registrationis crucial tothesuaess
of superresolution. This accurag canbe obtainedwhenandassumptioron
themotionmodelholds,suchasanaffine or a planarprojectie transformation.
For highly accuratenodel-basednethodssee[Bergenetal., 1992, Savhney
andKumar 1999,Zelnik-ManorandIrani, 2000].

Blur. Imageblur canusuallybe modeledby a convolution with somelow-
passkernel. This space-imariantfunctionshouldapproximateéboththeblur of
theoptics,andtheblur causedy thesensar Thespectracharacteristicsf the
kerneldeterminevhetherthe supemresolutionproblemis uniquelysolvable: If
some(high) frequencief the kernelvanish,thenthereis no single solution
[Papoulis,1977]. In this case constrainton thesolutionmaybeaddedCapel
andZisserman2000].

Thedigitizedresultof thecamerablur is called"The PSF- Point SpeadFunc-
tion". Severalwaysto estimatdt are:

1. Usecameramanufcturerinformation(Whichis hardto get).

2. Analyzea pictureof a known object[lrani andPelgy, 1991,Mannand
Picard,1994].
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3. Blind estimationof the PSFfrom the images[Shekarforousland Chel-
lappa,1999].

Somealgorithmscanhandlespace-ariantblur, suchasspace-ariant-motion
blur, air turbulence etc.

Subsampling Subsamplings the main differencebetweenthe modelsof

supermresolutionandimagerestoration.Sometimeghe samplesrom different
imagescanbeorderedn acompleteregulargrid, for examplewhenthemotion

of theimagingdevice is preciselycontrolled. In this caseimagerestoration
techniquesuchasinverse-filteringand De-corvolution canbe usedto restore
a high resolutionimage. In the generalcaseof a moving camerahe super
resolutionimageis reconstructeérom samplesvhich arenotonaregulargrid.

Still, imagerestorationtechniquesnspire someof the superresolutionalgo-

rithms[Elad andFeuey 1999].

Additi ve Noise. Insuperresolutionasin similarimageprocessingasksijt is
usuallyassumedhatthenoiseis additve, normallydistributedwith zero-mean.
Underthisassumptionthe maximumlik elihoodsolutionis foundby minimiz-
ingtheerrorunde Mahdanobis Norm(usingedimatedauocorrelaion matrix),
or /2 norm (assuminguncorrelatedwhite noise"). The minimumis found by
usingtoolsdevelopedfor large optimizationproblemsunderthesenorms,such
asapproximatedkalman-filter[Elad andFeuey 1996],linearequationsolvers
[Elad andFeuer 1999, Patti et al., 1997], etc. The assumptiorof normaldis-
tribution of the noiseis not accuratén mostof the casesasmostof the noise
in theimagingprocesss non-gaussiafjquantizationcameranoise,etc.), but
modelingit in a morerealisticway would endin a very large and comple
optimizationproblemwhichis usuallyhardto solve.

1.2 HISTORICAL OVERVIEW

The theoreticalbasisfor superresolutionwaslaid by papoulis[Papoulis,
1977],with TheGenearlizedSamplingTheoem. It wasshavn thata continu-
ousband-limitedsignalG canbereconstructeérom sample®f convolutionsof
G with differentfilters,assumingomepropertief thesdfilters (seel.1-blur).
Thisideais simpleto generalizeo 2D signhals(images).

A pioneeringalgorithmfor superresolutionfor imageswas presentedy
Huang& Tsai[HuangandTsai, 1984],who madeexplicit useof the aliasing
effect,assumingheimageis bandlimited, andtheimagesarenoise-free Kim
et. al. generalizedhis work to noisy andblurredimages,usingleastsquare
minimization[Kim etal., 1990].
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Spatialdomainalgorithmwaspresentedyy Ur & Gross[Ur andGross,1992].
Assumingaknown 2D translationafine samplegrid imagewascreatedrom
theinputimages.usinginterpolation,andthe camerablur wascanceledising
deblurringtechnique.Theabore methodsassumedblur functionwhichis uni-
form over all the images,andidentical on differentimages. They werealso
restrictecto global 2D translation.

A Different Approachwas suggestedy Irani & Pela [Irani and Peley,
1991, Irani andPeley, 1993], basedon previous work by Peley etal. [Keren
etal., 1988]. Thebasicidea,lterative Backward Projecting- IBP, wasadopted
from computeraided Tomography(CAT). The algorithmstartswith aninitial
guessX {0}, anditeratively simulatethe imaging processyeprojectingthe
error backto the superresolutionimage. This algorithm canhandlegeneral
motionandnon-uniformblur function,assuminghey canbeapproximatedc-
curately

To reducenoise and solve singular cases,several algorithmsincorporate
prior knowvledgeinto the computationby constrainingthe solution. Stark &
Osloui [StarkandOskoui, 1989] andlater Pati et. al. [Patti etal., 1997]base
their algorithmon a settheoreticoptimizationtool called POCS(Projection
Onto Cornvex Sets). It is assumedhat corvex constrainton the solutionare
known, sothattheirintersectioris alsoacorvex set. Theimplementatiorof the
algorithmis similarto the IBP algorithmof Irani & Peleay, with a modification
in the backprojectiorstage: The errorsin the imagingare projectedonto the
solutionimage, while keepingthe solutionin the corvex setdefinedby the
constraintsPati et. al. alsoaddedmotionblur to theimagingprocessnodel.

Markov RandomFieldwasalsousedto regularizesupermresolution.Shekar
foroushet. al. [Berthodetal., 1994]formulatedthe superresolutionproblem
in probabilisticbayesiarframevork, andusedVIRF for modelingtheprior, and
finding the solution. Similar formulationwaspresentedy Schultz& Steren-
son[SchultzandStevenson,1996],who useprior ontheedgesandsmoothness
of theimageto compensatéor badmotionestimationpasednHuberMarkov
RandomField formulation.

Thereis a greatsimilarity betweensuperresolutionandimagerestoration,
andindeedmary of the superresolutiontechniquesare adoptedfrom image
restoration.A unifying framevork for superresolutionasa generalizatiorof
imagerestoratiorwaspresentethy Elad& FeuefEladandFeuey1999]. Super
resolutionwasformulatedusingmatrix-vectornotationsandit wasshavn that
existingsuperesoldiontechniquesareadually variationsof standard quadratic
minimizationtechniquegor solvinglinearequationsets.Basedon this anal-
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ysis,they proposedthersparsanatrix optimizationmethoddor the problem.

Finally, ananalyticalprobabilstic methal wasrecertly developed by Shekar
foroush& Chellapa[Shekarforoustand Chellappa,1999]. They proved that
superresolutionmagecanbedirectly constructedy alinearcombinatiorof a
basiswhichis biorthogonako the PSFfunction. The combinationcoeficients
aretheinputimagesntensityvalues.They alsopresentednalgorithmfor the
estimationof the cameraPSFrom theimages.

2. EFFICIENT GRADIENT-BASED ALGORITHMS
2.1 MATHEMATICAL FORMULA TION

Superresolutioncanbepresente@salarge sparsdinearoptimizationprob-
lem, andsolved usingexplicit iteratve methodqElad andFeuey 1999,Capel
andZisserman1998,CapelandZisserman2000]. In thepresentedramevork
amatrix-vectorformulationis usedin theanalysigElad andFeuey 1999], but
the implementations by standardperationson imagessuchascorvolution,
warping,sampling etc. Altering betweerthetwo formulations aconsiderable
speedupn the superresolutioncomputationis achieved, by taking advantage
of the two worlds: Implementingadwancedgradientbasedoptimizationtech-
nigueqsuchasconjugategradient) while computinghegradienin anefficient
manney using basicimageoperationsjnsteadof sparsematricesmultiplica-
tions.

In the analysispartimagesare represente@s columnvectors. (with ary
arbitraryorderof the pixels). Basicimageoperationsuchascornvolution, sub-
sampling,upsamplingandwarpingarelinear andthuscanbe representeds
matricesoperatingon thesevectorimages.

Theimageformationprocessanbeformulatedin thefollowing way [Elad
andFeuey1999]:

2" = DH,Wyzy + €,
where:

» 1, is thehigh resolutionimage X of size[N; x N, reorderedn a
vector

. Q(L”) is then-th imageof size[M; x M;], reorderedn avector

= ¢, isthenormallydistributedadditive noisein then-th image,reordered
in avector

= W, isthegeometriovarpmatrix, of size[ N1 Ny x N1 Ny



» H, istheblurring matrix, of size[N; Ny x N1 Ns]
» D isthedecimationmatrix, of size[M; My x N1 Ns]

Stackingthe vectorequationsrom the differentimagesinto a single matrix-
vector:

2V DH,W, e
: = : zg+ | ¢ | =z =Azy +e

For practicalreasonst is assumedhe noiseis uncorrelatecand hasuniform
variance.In thiscasethemaximumlik elihoodsolutionis foundby minimizing

thefunctional: .
E(zy) = B |z, — Az gy ||2

takingthe derive of E with respecto z, andsettingthe gradientto zero:

K
VE=0= A"(Azy—2;) =0 < Y Wl HID"(DH,Wyzy—z\") =0

n=1

Gradient-basederative methodscanbe usedwithout explicit constructionof
theselarge matrices. Instead,the multiplication with A and A A is imple-
mentedusingonly imageoperationsuchaswarp,blur andsampling.

Thematrix AT A operatesn vectorsz ;;, correspondingo animageof the
sizeof the supermesolutionsolution X 4,

K
AT Agy =Y WL HI DT DW,Thzy
n=1
Thematrix AT operatesnvectorse stacking)ftheinputimageng) e XéK)
reorderedn columnvectorSQ(Ll) .. .Q(LK)
K
ATz, =S WIHI DTz
n=1

ThematricesW,,, H,, D modeltheimageformationprocessandtheirimple-
mentationis simply theimagewarping,blurringandsubsamplingespecitrely.
Theimplementatiorof thetransposenatricess alsovery simple:

= DT isimplementedby upsamplinghe imagewithout interpolation;i.e.
by zeropadding.
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= H!-Foraconvolutionblur, thisoperatiorisimplemenedby corvolution
with theflippedkernel,i.e.if h(7, j) is theimagingblur kernel,thenthe
flipped kernel h, satisfiesVi, j, h(i, j) = h(—i, —j). For space-ariant
blur HI' is implementedby forward projectionof the intensityvalues,
usingtheweightsof the original blur filter.

s WI-If W, isimplementedy backwardwarping,thenW,!" shouldbe
theforwardwarpingof theinversemotion.

The simplestimplementatiorof this framevork is using Richardsoritera-
tions[Kelley, 1995],afrom of steepest-descenith iterationstep:

K
ey {m+1} = zp{m} + 3 WIH D" (&} - DH,.Wazy{m})
n=1
Thisis aversionof the IteratedBack Projection[lrani andPeley, 1991],using
aspecificblur kernelandforwardwarpingin the backprojectionstage.
The ability to computethe gradientof the superresolutionfunctional by

imageoperation®pengpossibilitiesto efficiently useadvancedgradient-based
optimizationtechniques:

= Fastnon-constrainedptimization. An examplestheConjugate-Gradign
method whichis elaboratedn thefollowing section.

= Constrainedninimization, boundingthe solutionto a specificset. An
examplefor thisisthePOCSsolution[Pattietal., 1997 StarkandOsloui,
1989].

= Constrainedninimization,usinglinearregularizationterm. Theregular
ization operatorshouldbe alsoeasilyimplementedusingimageopera-
tions. An exampleis givenin thefollowing section.

2.2 SUPERRESOLUTION BY THE CG METHOD

The Conjugate Gradient method. To demonstratehe practicalbenefitof
computinghegradienty imageoperationsasupeiresolutionalgorithmusing
the conjugate-gradieniCG) methodwasimplemented.The CG methodis an
efficientmethodto solve linearsystemslefinedoy symmetricpositive definite
matrices.

Definition 1 Let Q be a symmetricand positivedefinitematrix. A vectorset
{V;}2_, is Q-conjugateif

ViQV,;=0,Vi#j
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A Q-conjugatesetof vectorsis linearly independentandthusform a basis.
The solutionto the linear equationis thereforea linear combinationof these
vectors.Thecoeficientsc; arevery easilyfound:

Z": ViY
QX:X:}Q( akzk):K:ak:;

i=k K{sz
TheCGalgorithmiteratively createsconjugatebasis by corvertingthegradi-
entscomputedn eachiterationto vectorswhich are Q-conjugatdo the previ-
ousones(e.g. Graham-Shmidprocedure) Its corvergenceto the solutionin n
stepds guaranteedyut thisis irrelevantto the supemresolutionproblem,since
n, thematrix sizein superesolutions huge. Still, theconvergencerateof the
CGissuperiotto steepestescentnethods Below is animplementatiorof CG.

CGX,Y,Q,e,mMar)

solves@QX =Y, e andmMax limit the numberof iterations
lL.r=Y- QX7p0 :“ r ||27m =1

2. DoWhile \/pm, 1 > €| Y ||? andm < kmaxz

(@) ifm=1thenp =r
elseg = ﬁ::; andp =r+ fp

(b) w=0Qp
() a=pm_1/pTw
dz=z+ap,r=7—aw,p, =7 |2, m=m+1

CG superresolution. IntheCGimplementatioto supe relution, theinput
includesthelow resolutionimagesg, m M az andthe estimatedlur function.
Firstthemotionbetweertheinputimagess computedandaninitial estimateo
thesolutionX {0} is set,for exampletheaverageof thebilinearly upsampled
andalignedinputimages.

Then,in orderto usethe CG code,two functionsareimplementedproject
and backProject. The simple vector operations,suchas inner productand
multiplicationwith a scalarareeasilytranslatedo operationnimages(cor
relationandmultiplicationby scalar). Thematrix operationgrehandledn the
following way:

= Stepl- Inthesuperesolutioncaseh = ATY and@ = AT A. Thecode
to computetheresidualr is therefore:
r=0
forn=1to K dor =r + backProjectKg")—project(XH{O}, n),n)
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m steps2-bis replacedvy thefollowing code:
w=0
for n=1to K dow = w + backProject(projegi(n), n)

andThefunctionsbackProject,projearesimply:

= [3=projectp,n)

— I = blur(p,n) = blur imagep by the blur operatorH,, (e.g.
convolutionfilter h(z, 7))

— I, = backwardWrp(,n) = Warp I; usingbackward warping,
i.e. for eachpixel in I, find its sub-pixel locationin I, basedon
themotionto then-th image,anduseinterpolationto setits value.

— returnsubsampldg) —> decimatethe image,to getanimageof
thesizeof theinputimageXé").

m [y=backProjecif, n)

— I, =upsamplef) enlage p to thesizeof thesuperesohedimage,
by zeropadding.

— Iy = forwrdWrp(l,,n) = Warp I; usingforward warping, i.e.
for eachpixel in I, find its sub-pixel locationin I, basedon the
motionto then-thimage.Spreadheintensityvalueof the pixel on
the pixelsof I, proportionallyto theinterpolationcoeficients.

— returnblur(fy,n) = blur imagep by the transposeof the blur
operatorH,, (e.g. in thecaseH is definedby a corvolution filter
h(i, j), itstransposés implementedy corvolutionwith theflipped
filter (i, j) = h(—i, —7))

Adding regularization. In mary caseshe superresolutiondoesnot have a
uniquesolution,andthe matrix A” A is notinvertible. This canbe solved by
introducingconstraintson the solution, e.g. smoothnesslf the constraintsf
aredifferentiable,andtheir derivative canbe approximatedrom the images,
thenthey canbeeasilycombinedvith ourproposedramenork, by minimizing:

Blag) = 5 21~ Azy I? +Af(@n))

Where ) is the regularizationcoeficient. Taking the derivative of E with
respecto z;, resultsin asetof equations:

VE=0= AT"(Az; —zy) + \Vf(zyz) =0
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In eachiterationthe image correspondingo AV f(zz{m}) is addedto the
imagecorrespondingo A” Az {m}), For example,whenf canbeexpressed
by alinearoperatorM:

Vi(zy) =M "Mzy

Thisimagecanbecomputedrom theimagecorrespondindo z ;, by applying
the operatorM andits transpose.(The implementatiorof M7 in theimage
domainis derivedsimilarly tothetransposef theblur operators) Theselection
of theoptimal f and\ is beyondthescopeof this paper{CapelandZisserman,
2000].

3. COMPUTATIONAL ANALYSIS AND RESULTS

To demonstratéhe computationabenefitof the proposedramework, the
runningtime of the CG superresolutionis comparedo anotherimage-based
non-constrainedlgorithm,the IBP of Irani & Pelgy. Imagesof aplanarscene
werecapturedy ahandheldcameraandtheprojective-planamotionbetween
themwascomputed.Thenbothmethodsf supemresolutionwereapplied,and
the computatiortime andresultswerecompared.

Thegraphin Figure2.1 presentshe projectionerror E asafunctionof the
runningtime. Thefirst iterationin the CG methodis slower, sinceit requires
additionalmultiplication with the matrix AT A. The next iterationsof both
of the methodsrequirea singlemultiplicationwith A and A”, sothe running
time is similar (with small adwantageto the CG method). This meansthat
the comparisorof the runningtime of thesealgorithmdependsnainly on the
corvergencerate. It is notablein the graphthat the corvergenceof the CG
methodin the first crucial iterationsis muchfaster yielding betterresultsin
a very shorttime. This canbe further acceleratedy using efficient image
operationsn the computatiorof thegradient.

Theresultsof thesuperresolutionalgorithmarepresentedh Fig. 2.2. A set
of imageswerecapturedoy a hand-heldcamera Firstthe motionbetweerthe
imagesvascomputedBergenetal., 1992]. Thentheproposeduperresolution
algorithmwasapplied(Fig. 2.2:E).For comparisontheimageswereenlaged
andwarpedto a commoncoordinatesystem,andtheir medianwascomputed
(Fig. 2.2:C).BoththemediarandtheSRimprovedthereadabilitydramatically
The SRresultis sharpethanthe median.After applyinghigh-pasdilter to the
medianresults(Fig. 2.2:D),thereadabilityis improved, but theresultis notas
goodasthe SRresult.
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Figure2.1 Thesumof squareerrorinthe
imagesas a function of the runningtime
(measuredn seconds). The circles mark
theiterationtimesof the CGalgorithm,and
crossesnarktheiterationtimesof the IBP
algorithm.

4. SUMMARY

Superresolutioncanbe presentedsa large sparsdinear system.The pre-
sentedramenorkallowsfor solving this sygemefficiently usingimage-doman
operations.With the rapid advancein computingspeedapplyingsuperreso-
lution algorithmson large video sequencebecomesnoreandmorepractical.
Thereis still work to be donein improving the noise model and the noise
sensitvity of superresolutionalgorithms.
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Figure2.2 Superresolutionresults.

A) An original frame.
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